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a b s t r a c t
Some special types of solutions with arbitrary functions for the (N + 1)-dimensional
sine–cosine-Gordon equation, the (N+ 1)-dimensional double sinh-Gordon equation, and
the (N + 1)-dimensional sinh–cosinh-Gordon equations are constructed by means of the
separation transformation approach. As an illustrative sample, the properties of some
solutions are shown by their figures.
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1. Introduction
In recent years, much attention has been paid on the study of nonlinear wave equations (NLWE) [1–8] in low dimensions.
But there is little work on the high dimensional ones. It is well known that most of high dimensional NLWEs fail the
conventional integrability tests, so the natural and important problem is that are there exact solutions with good properties
for the high dimensional NLWEs? To solve this problem, people have made some attempts. Recently, Lou et al. [9,10] have
studied the (N + 1)-dimensional φ4, φ6 and sine-Gordon models
N∑
j=1
φxjxj − φtt − m1φ− m2φ3 = 0, (1.1)
N∑
j=1
φxjxj − φtt − m1φ− m2φ3 − m3φ5 = 0, (1.2)
N∑
j=1
uxjxj − utt − α sin(u)− β sin(2u) = 0, (1.3)
and concluded that they had many exact solutions with arbitrary functions, which leaded to abundant structures of these
solutions.
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Most recently, Yan [11,12] has introduced the semi-traveling wave similarity transformation and separation
transformation to study the (N + 1)-dimensional generalized Boussinesq equation
utt = uxx + µ(un)x + uxxxx +
N−1∑
j=1
uxjxj (1.4)
and the (N + 1)-dimensional complex nonlinear Klein–Gordon equation
utt −
N∑
j=1
uxjxj + αu+ β|u|2u = 0, (1.5)
and constructed many kinds of novel exact solutions with arbitrary functions.
Nonlinear wave equations of the form
N∑
j=1
uxjxj − utt + F(u) = 0, (1.6)
where F(u) is a nonlinear function, play a significant role in many scientific fields such as plasma physics, fluid dynamics,
nonlinear optics, and so on. It is easy to see that Eqs. (1.1)–(1.3) and (1.5) are special cases of Eq. (1.6).
In this paper, we will investigate the following three (N + 1)-dimensional NPDEs
N∑
j=1
uxjxj − utt − α cos(u)− β sin(2u) = 0, (1.7)
N∑
j=1
uxjxj − utt − α sinh(u)− β sinh(2u) = 0, (1.8)
N∑
j=1
uxjxj − utt − α cosh(u)− β sinh(2u) = 0. (1.9)
Eq. (1.7) is called the (N + 1)-dimensional sine–cosine-Gordon equation, which has some interesting solutions. Eq. (1.8) is
the so called (N + 1)-dimensional double sinh-Gordon equation. When N = 1, Eq. (1.8) becomes the well-known (1 + 1)-
dimensional double sinh-Gordon equation [13],
uxx − utt − α sinh(u)− β sinh(2u) = 0, (1.10)
which appears in some scientific fields. Eq. (1.9) is called the (N + 1)-dimensional sinh–cosinh-Gordon equation, which is
different from Eq. (1.8) and has very interesting solutions as well.
The rest of this paper is organized as follows. In Section 2, the separation transformation approach is extended to solve Eq.
(1.6). In Section 3, the explicitly exact solutions of three NLWEs (1.7)–(1.9) are obtained via the transformation introduced
in Section 2. Conclusions are presented in the last section.
2. The separation transformation approach and its application to Eq. (1.6)
In what follows, we will extend the separation transformation approach to Eq. (1.6) with u being a real function. As a
result, Eq. (1.6) is reduced to a nonlinear ordinary differential equation (ODE) and a system of partial differential equations
(PDEs) with a nonlinear PDE and a linear PDE. When u is a complex function, the similar result to Eq. (1.6) can be also
obtained.
Proposition 1. When u is a real function, u = U[W(x1, . . . , xN; t)] is a solution of Eq. (1.6) if the function U[W(x1, . . . , xN; t)]
solves the following nonlinear ODE
λU′′ + F(U) = 0 (2.1)
and the functionW(x1, . . . , xN; t) satisfies
N∑
j=1
Wxjxj −Wtt = 0,
N∑
j=1
W2xj −W2t = λ,
(2.2)
where U′′ = d2UdW2 and λ is a nonzero constant.
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Proof. According to Clarkson–Kruskal’s direct method [3], assume that Eq. (1.6) has the following form of solution
u(x1, . . . , xN; t) = U[W(x1, . . . , xN; t)], (2.3)
whereW(x1, . . . , xN; t) is a function with respect to (x1, . . . , xN; t) to be determined later.
Substituting Eq. (2.3) into Eq. (1.6) yields an ordinary differential equation as follows(
N∑
j=1
Wxjxj −Wtt
)
U′ +
(
N∑
j=1
W2xj −W2t
)
U′′ + F(U) = 0. (2.4)
If functionW(x1, . . . , xN; t) solves the systemof partial differential equations (2.2), it is clear that functionU[W(x1, . . . , xN; t)]
satisfies ODE (2.1). The proposition is proved. 
Proposition 1 shows that Eq. (1.6) is now separated into two groups of differential equations, namely Eqs. (2.1) and (2.2).
If we can determine the explicit solutions of Eqs. (2.1) and (2.2), the novel solutions of equations (1.6) are obtained from the
transformation equation (2.3).
Firstly, let us solve the system of partial differential equations Eq. (2.2):
Case 1.When N = 1, Eq. (2.2) becomes{
Wx1x1 −Wtt = 0,
W2x1 −W2t = λ,
(2.5)
which has the following general solution
W(x1, t) = c1(x1 + t)+ λ4c1 (x1 − t)+ c2, (2.6)
where c1 and c2 are integral constants.
Case 2.When N ≥ 2, Eq. (2.2) has the following solution
W(x1, . . . , xN; t) = f
(
N∑
j=1
kjxj + t + c3
)
+ λ√
N∑
j=1
l2j − δ2
(
N∑
j=1
ljxj + δt
)
, (2.7)
where f = f (x1, . . . , xN; t) is an arbitrary function, kj, lj, (j = 1, . . . ,N), , δ, c3 are all constants and satisfy
δ =
N∑
j=1
kjlj, 
2 =
N∑
j=1
k2j . (2.8)
Now let us rewrite Eq. (2.7) with Eq. (2.8). Eq. (2.7) is equivalent to
W = f (−→k · −→x + t)+ λ1/2−→l · −→x , (2.9)
where −→x = (x1, . . . , xN),−→k = (k1, . . . , kN) and −→l = (l1, . . . , lN) are orthogonal unit vectors in RN . Namely, we can absorb
the t part of the 2nd term in (2.7) into f by writing
δt = (δ/)
(
t +∑ kixi)−∑(δ/)kixi
which then makes the l.h.s. of the first condition (2.8) vanish.
Furthermore, if we write
x1 = −→k · −→x ≡ x, x2 = −→l · −→x ≡ y, x3 = z1, . . . , xN = zN−2,
then we can write Eq. (2.7) as
W = f (x+ t)+ λ1/2y. (2.10)
The next step is to solve the ODE (2.1) in order to construct the explicit solutions of Eq. (1.6). Once the solutions of Eq.
(2.1) are derived, substituting them along with Eqs. (2.6)–(2.8) into Eq. (2.3), the exact solutions of Eq. (1.6) are obtained
immediately.
In the following section, we will give some special types of solutions of the (N + 1)-dimensional sine–cosine-Gordon
equation (1.7), the (N+1)-dimensional double sinh-Gordon equation (1.8) and the (N+1)-dimensional sinh–cosinh-Gordon
equation (1.9).
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3. Special types of solutions of Eqs. (1.7)–(1.9)
3.1. The (N + 1)-dimensional sine–cosine-Gordon equation (1.7)
According to Proposition 1, we have the following proposition.
Proposition 2. u = U[W(x1, . . . , xN; t)] is a solution of Eq. (1.7) if the function U[W(x1, . . . , xN; t)] solves nonlinear ODE
λU′′ − α cos(U)− β sin(2U) = 0 (3.1)
and the functionW = W(x1, . . . , xN; t) satisfies
N∑
j=1
Wxjxj −Wtt = 0,
N∑
j=1
W2xj −W2t = λ,
(3.2)
where U′′ = d2UdW2 and λ is a nonzero constant. 
In the next, wewill give the exact solutions of ODE (3.1) such that the corresponding solutions of Eq. (1.7) can be obtained
via Eqs. (2.6)–(2.8).
We introduce the following transformation
U = 2 tan−1 v, v = v[W(x1, . . . , xN; t)], (3.3)
which gives
U′′ = 2(v
′′ + v′′v2 − 2v′2v)(
1+ v2)2 (3.4)
cos(U) = 1− v
2
1+ v2 , sin(2U) =
4v
(
1− v2)(
1+ v2)2 , (3.5)
Combining Eqs. (3.4) and (3.5) with Eq. (3.1) yields
2λ
(
1+ v2
)
v′′ − 4λvv′2 +
(
v2 − 1
) (
αv2 + 4βv+ α
)
= 0, (3.6)
where the prime denotes the derivative of vwith respect toW.
Solving ODE (3.6) by using special transformations [14–20], some exact solutions can be constructed explicitly.
Combining these solutions with the solutions of Eq. (2.2) and the transformation (3.3), the explicit solutions of Eq. (1.7)
are obtained as follows.
(1).When λ = − α2
4(β+
√
β2−α2) , Eq. (1.7) has a Jacobi elliptic sn function solution
u = −2 arctan
β+
√
β2 − α2
α
sn2 [W(x1, . . . , xN; t), k]
 , (3.7)
where 0 < k = β+
√
β2−α2
α
< 1 is the modulus of the Jacobi elliptic functions (i.e. k is an intrinsic parameter of the solution
family) andW(x1, . . . , xN; t) satisfies Eq. (2.6) or Eq. (2.7) with (2.8).
(2).When λ = 12
√
β2 − α2, Eq. (1.7) has a rational Jacobi elliptic sn function solution
U = 2 arctan
 αsn2 [W(x1, . . . , xN; t), k]
2
√
β2 − α2 −
(
β+
√
β2 − α2
)
sn2 [W(x1, . . . , xN; t), k]
 , (3.8)
where 0 < k =
√
−
√
β2−α2β−β2+α2
2α2−2β2 < 1 is the modulus of the Jacobi elliptic functions and W(x1, . . . , xN; t) satisfies Eq. (2.6)
or Eq. (2.7) with (2.8).
(3).When λ = β+
√
β2−α2
4 , Eq. (1.7) has a Jacobi elliptic cs function solution
U = 2 arctan
β+
√
β2 − α2
α
cs2 [W(x1, . . . , xN; t), k]
 , (3.9)
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where 0 < k = 1
α
√
2α2 − 2β2 + 2β
√
β2 − α2 < 1 is themodulus of the Jacobi elliptic functions andW(x1, . . . , xN; t) satisfies
Eq. (2.6) or Eq. (2.7) with (2.8).
(4).When λ = 4β2−α22β , Eq. (1.7) has a Jacobi elliptic ds function solution
U = −2 arctan
2β
α
−
√
4β2 − α2
α
[tanh (W(x1, . . . , xN; t))+ i sech (W(x1, . . . , xN; t))]
 , (3.10)
where i = √−1 andW(x1, . . . , xN; t) satisfies Eq. (2.6) or Eq. (2.7) with (2.8).
(5).When λ = 4β2−α28β , Eq. (1.7) has a single soliton solution
U = −2 arctan
2β
α
−
√
4β2 − α2
α
tanh [W(x1, . . . , xN; t)]
 , (3.11)
whereW(x1, . . . , xN; t) satisfies Eq. (2.6) or Eq. (2.7) with (2.8).
(6).When λ = α2−4β28β , Eq. (1.7) has a periodic wave solution
U = −2 arctan
2β
α
−
√
−4β2 + α2
α
cot [W(x1, . . . , xN; t)]
 , (3.12)
whereW(x1, . . . , xN; t) satisfies Eq. (2.6) or Eq. (2.7) with (2.8).
Remark 1. When α→ β, k → 1 and λ→− β4 , Eq. (3.7) will degenerate into a solitary wave form of solution
U = −2 arctan
(
tanh2 [W(x1, . . . , xN; t)]
)
.
By the same way, when k → 1 Eqs. (3.8) and (3.9) can also degenerate into a solitary wave form of solution. But by direct
computation we find that Eq. (3.11) can’t be generated by the degeneration of any Jacobi elliptic solution of Eq. (1.7).
When N = 2, we denote x1 = x and x2 = y, so Eq. (1.7) becomes the (2+ 1)-dimensional sine–cosine-Gordon equation
uxx + uyy − utt − α cos(u)− β sin(2u) = 0,
and Eqs. (2.7) and (2.8) become
W(x, y, t) = f (k1x+ k2y+ t + c3)+ λ√
l21 + l22 − δ2
(l1x+ l2y+ δt), δ = k1l1 + k2l2, 2 = k21 + k22.
Selecting parameters k1 = 3, k2 = 4, l1 = 1, l2 = 4 then we find  = 5, δ = 195 or  = −5, δ = − 195 by the above
equalities. In addition, if we let β = − 18119 ,α = − 18019 , the modulus k of Jacobi elliptic functions is 910 .
So the parameters we selected are listed as follows
k1 = 3, k2 = 4, β = −18119 , α = −
180
19
,
l1 = 1, l2 = 4,  = −5, δ = −195 , c3 = 3.
From these parameters, we have
f (k1x+ k2y+ t + c3) = f (3x+ 4y+ 5t + 3) , f (ξ).
Because f (ξ) is an arbitrary function with respect ξ, we can select special f (ξ) to describe the localized excitations of the
(2+ 1)-dimensional sine–cosine-Gordon equation.
For some selected f (ξ), figures (Figs. 1–4) show solutions of Eq. (3.7), whilst figures Figs. 5 and 6 show solutions of Eq.
(3.11).
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Fig. 1. (A) The double periodic wave structure of the (2+ 1)-dimensional sine–cosine-Gordon equation expressed by Eq. (3.7) with f (ξ) = 2− 2 tanh (ξ)
and the listed parameters at t = 0. (B) The plot of density corresponding to (A).
Fig. 2. (A) The double periodic wave structure of the (2 + 1)-dimensional sine–cosine-Gordon equation expressed by Eq. (3.7) with f (ξ) = 2 − sech(ξ)
and the listed parameters at t = 0. (B) The plot of density corresponding to (A).
3.2. The (N + 1)-dimensional double sinh-Gordon equation (1.8)
In this subsection, wewill give some novel exact solutions of the (N+1)-dimensional double sinh-Gordon equation (1.8).
According to proposition 1, we only solve the following ODE
λU′′ − α sinh(U)− β sinh(2U) = 0. (3.13)
Transformation 1.We first introduce transformation
U = 2tanh−1 v, v = v[W(x1, . . . , xN; t)], (3.14)
which changes ODE (3.13) into ODE
λ
(
1− v2
)
v′′ + 2λvv′2 + v
(
v2α− 2v2β− 2β− α
)
= 0. (3.15)
Bymeans of special transformations [14–20], some exact solutions of Eq. (3.15) can be constructed explicitly. Combining
these solutions with the solutions of Eq. (2.2) and the transformation (3.14), the exact solutions of Eq. (1.8) can be obtained
as follows
D.-S. Wang et al. / Computers and Mathematics with Applications 56 (2008) 1569–1579 1575
Fig. 3. (A) The double periodic wave structure of the (2 + 1)-dimensional sine–cosine-Gordon equation expressed by Eq. (3.7) with f (ξ) = 2 − tanh(ξ)2
and the listed parameters at t = 0. (B) The plot of density corresponding to (A).
Fig. 4. (A) The double periodic wave structure of the (2+ 1)-dimensional sine–cosine-Gordon equation expressed by Eq. (3.7) with f (ξ) = 2− sin(ξ) and
the listed parameters at t = 0. (B) The plot of density corresponding to (A).
(1).When λ = αa12−2β−α1−2a12+a14 , Eq. (1.8) has a Jacobi elliptic sn function solution
U = 2tanh−1 (a1sn [W(x1, . . . , xN; t), k]) , (3.16)
where a1 is a constant, 0 < k =
√
2βa12+α−αa12
α−αa12+2β a1 < 1 is the modulus of the Jacobi elliptic functions and W(x1, . . . , xN; t)
satisfies Eq. (2.6) or Eq. (2.7) with (2.8).
(2).When λ = 2βa12+α−αa12+2β
a12−1 , Eq. (1.8) has a Jacobi elliptic cn function solution
U = 2tanh−1 (a1cn [W(x1, . . . , xN; t), k]) , (3.17)
where a1 is a constant, 0 < k =
√
α−αa12+2βa12
(a12−1)(2βa12+α−αa12+2β)a1 < 1 is the modulus of the Jacobi elliptic functions and
W(x1, . . . , xN; t) satisfies Eq. (2.6) or Eq. (2.7) with (2.8).
(3).When λ = a12(α−αa12+2βa12)
(a12−1)2
, Eq. (1.8) has a Jacobi elliptic dn function solution
U = 2tanh−1 (a1dn [W(x1, . . . , xN; t), k]) , (3.18)
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Fig. 5. (A) The solitary wave structure of the (2 + 1)-dimensional sine–cosine-Gordon equation expressed by Eq. (3.11) with f (ξ) = 2 − ξ + ξ2 and the
listed parameters at t = 0. (B) The plot of the solitary wave structure expressed by Eq. (3.11) with f (ξ) = 2− 72 sin2 (ξ) and the listed parameters at t = 0.
Fig. 6. (A) The solitary wave structure expressed by Eq. (3.11) with f (ξ) = 2+ 4 sech (ξ)+ 3 sin (ξ) and the listed parameters at t = 0. (B) The plot of the
solitary wave structure expressed by Eq. (3.11) with f (ξ) = 2− 2ξ3 + 3 sin (ξ) and the listed parameters at t = 0.
where a1 is a constant, 0 < k = 1a1
√
αa14−2βa14−2αa12+2β+α
αa12−α−2βa12 < 1 is the modulus of the Jacobi elliptic functions, and
W(x1, . . . , xN; t) satisfies Eq. (2.6) or Eq. (2.7) with (2.8).
(4).When λ = α2−4β28β , Eq. (1.8) has a single soliton solution
U = 2tanh−1
(√
α+ 2β
α− 2β tanh [W(x1, . . . , xN; t)]
)
, (3.19)
whereW(x1, . . . , xN; t) satisfies Eq. (2.6) or Eq. (2.7) with (2.8).
(5).When λ = α+ 2β, Eq. (1.8) has single soliton solution
U = 2tanh−1
√α+ 2β
α
sech [W(x1, . . . , xN; t)]
 , (3.20)
whereW(x1, . . . , xN; t) satisfies Eq. (2.6) or Eq. (2.7) with (2.8).
(6).When λ = 4β2−α28β , Eq. (1.8) has a solitary periodic wave solution
U = 2tanh−1
(√
α+ 2β
2β− α tan [W(x1, . . . , xN; t)]
)
, (3.21)
whereW(x1, . . . , xN; t) satisfies Eq. (2.6) or Eq. (2.7) with (2.8).
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Transformation 2. If we introduce the Painleve´ transformation
U = ln(v), v = v[W(x1, . . . , xN; t)],
which gives
U = cosh−1
(
v+ v−1
2
)
, (3.22)
then ODE (3.13) is converted into ODE
2λvv′′ − 2λv′2 − βv4 − αv3 + αv+ β = 0, (3.23)
Solving Eq. (3.23) by means of special transformations [14–20] and combining the solutions of Eq. (3.23) with the
solutions of Eq. (2.2) and the transformation (3.22), the exact solutions of Eq. (1.8) are obtained as follows
(1).When λ = α2−4β28β , Eq. (1.8) has a single soliton solution
U = cosh−1
(
α2 − 2αA tanh (W)+ tanh2 (W)α2 + 4β2 sech2 (W)
4βA tanh (W)− 4αβ
)
, (3.24)
where A =
√
α2 − 4β2 andW = W(x1, . . . , xN; t) satisfies Eq. (2.6) or Eq. (2.7) with (2.8).
(2).When λ = α2−4β22β , Eq. (1.8) has a combined single soliton solution
U = cosh−1
(
v+ v−1
2
)
, (3.25)
with
v = − 1
2β
[
α−
√
α2 − 4β2 tanh (W)− i
√
α2 − 4β2 sech (W)
]
, (3.26)
where i = √−1 andW = W(x1, . . . , xN; t) satisfies Eq. (2.6) or Eq. (2.7) with (2.8).
(3).When λ = 4β2−α28β , Eq. (1.8) has a periodic wave solution
U = cosh−1
 α
√
4β2 − α2 sin (2W)− α2 cos (2W)− 4β2
2αβ cos (2W)+ 2αβ− 2β
√
4β2 − α2 sin (2W)
 , (3.27)
whereW = W(x1, . . . , xN; t) satisfies Eq. (2.6) or Eq. (2.7) with (2.8).
3.3. The (N + 1)-dimensional sinh–cosinh Gordon equation (1.9)
In this subsection, some exact solutions of the (N + 1)-dimensional sinh–cosinh Gordon equation (1.8) will be derived.
From Proposition 1, it can be seen that we only need to solve the following ODE
λU′′ − α cosh(U)− β sinh(2U) = 0. (3.28)
Using the transformation Eq. (3.14), we can reduce ODE (3.28) to ODE
2λ(1− v2)v′′ + 4λvv′2 + αv4 − 4βv3 − 4βv− α = 0. (3.29)
Bymeans of special transformations [14–20], some exact solutions of Eq. (3.29) can be constructed explicitly. Combining
these solutions with the solutions of Eq. (2.2) and the transformation (3.14), the exact solutions of Eq. (1.9) can be obtained
(1).When λ =
√
α2+β2
2 , Eq. (1.9) has a Jacobi elliptic sn function solution
U = −2tanh−1

√
α2 + β2 + β
α
([
sn2 (W(x1, . . . , xN; t), k)− 1
]) , (3.30)
and
U = 2tanh−1
 α sn2 [W(x1, . . . , xN; t), k]
2
√
α2 + β2 −
(√
α2 + β2 + β
)
sn2 [W(x1, . . . , xN; t), k]
 , (3.31)
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where 0 < k =
√
β
√
α2+β2+α2+β2
2β2+2α2 < 1 is the modulus of the Jacobi elliptic functions andW(x1, . . . , xN; t) satisfies Eq. (2.6) or
Eq. (2.7) with (2.8).
(2).When λ = −
√
α2+β2+β
4 , Eq. (1.9) has a Jacobi elliptic ds function solution
U = 2tanh−1
β−
√
α2 + β2
α
+
√
α2 + β2 + β
α
ds2 (W(x1, . . . , xN; t), k)
 , (3.32)
where 0 < k =
√
2β
√
α2+β2−2β2−α2
α
< 1 is the modulus of the Jacobi elliptic functions and W(x1, . . . , xN; t) satisfies Eq. (2.6)
or Eq. (2.7) with (2.8).
(3).When λ = 4β2+α28β , Eq. (1.9) has soliton and singular solitary wave solutions
U = 2tanh−1
2β
α
+
√
4β2 + α2
α
tanh [W(x1, . . . , xN; t)]
 , (3.33)
and
U = 2tanh−1
2β
α
+
√
4β2 + α2
α
coth (W(x1, . . . , xN; t))
 , (3.34)
whereW(x1, . . . , xN; t) satisfies Eq. (2.6) or Eq. (2.7) with (2.8).
(4).When λ = 4β2+α22β , Eq. (1.9) has a single soliton solution
U = 2tanh−1
2β
α
+
√
4β2 + α2
α
[tanh (W)+ i sech (W)]
 , (3.35)
whereW = W(x1, . . . , xN; t) satisfies Eq. (2.6) or Eq. (2.7) with (2.8).
(5).When λ = − 4β2+α28β , Eq. (1.9) has a periodic wave solution
U = 2tanh−1
2β
α
+
√
−α2 − 4β2
α
tan (W(x1, . . . , xN; t))
 , (3.36)
and
U = 2tanh−1
2β
α
+
√
−α2 − 4β2
α
cot (W(x1, . . . , xN; t))
 , (3.37)
whereW(x1, . . . , xN; t) satisfies Eq. (2.6) or Eq. (2.7) with (2.8).
(6).When λ = − 4β2+α22β , Eq. (1.9) has a periodic wave solution
U = 2tanh−1
2β
α
+
√
−α2 − 4β2
α
[tan (W)+ sec (W)]
 , (3.38)
whereW = W(x1, . . . , xN; t) satisfies Eq. (2.6) or Eq. (2.7) with (2.8).
Remark 2. In this section, we have constructed some special types of solutions including Jacobi elliptic function solutions,
soliton solutions and periodic wave solutions of Eqs. (1.7)–(1.9) by means of the extended separation transformation
approach. It is known that the (2 + 1)-dimensional NLWEs have much more localized structures than in the (1 + 1)-
dimensional ones because some arbitrary functions in the solutions are introduced. In the paper, by detailed computation,
we have also shown this fact. Namely, when N > 1, there is an arbitrary function f = f (∑Nj=1 kjxj + t+ c3) in every solution,
which may lead to abundant localized structures. So we may say that although most high dimensional NLWEs are non-
integrable, they may have rich localized structures, which may be useful in explaining some nonlinear phenomena in some
scientific fields.
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4. Conclusion
In conclusion, some special types of exact solutions with an arbitrary function of the (N + 1)-dimensional sine–cosine-
Gordon equation (1.7), the (N+1)-dimensional double sinh-Gordon equation (1.8) and the (N+1)-dimensional sinh–cosinh-
Gordon Eq. (1.9) are obtained by means of an extended separation transformations approach. We have also studied the
physical properties of several special solutions by plotting and analyzing their figures. In fact, the approach can also be
applied to some other (N+ 1)-dimensional NLWEs which may possess quite rich nonlinear excitations with some arbitrary
characteristics. It is necessary to point out that Ma et al. [21] have proposed some methods for reducing partial differential
equations into ordinary differential equations to derive exact solutions, and one can solve high-dimensional NLWEs by using
Ma’s methods. In addition, Ma [22] has even given a class of general explicit solutions— complexiton solutions to NLWEs, so
we can consider the complexiton solutions of high-dimensional NLWEs in a future paper.
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